
 
Goal Show Tate's conjecture for divisors Artin's conjecture are equivalent

Artii Ca Let be a proper scheme over 21 Then Brcx is finite

TheBrauerGroupofalocalRi
Let R be a local ring Recall if k field Berck is the collection of Morita equivalence
classes of central simple algebras over k The classification of these depends on the factthat
AAOP Is EndulA A is simple Count dimensions

Det Let Rin be a local ring A an Ralgebra Then A is an Azumaya alg over R if
A is a free Rmodule of finite rank

opts EndrinA RA g
PrefLetAbe an Azumaya algebra over R Then
4 e s a bijection 2sidedindeed ideal in

Root Let ee 2 A Then plexus 104 0 Let a au be an R basis of A and
hence ai aj3 be an R basis of A RAM Hence c 1 I c Iria I L Iriai
which implies cer

Now if I A is a twosided ideal any Rmod hour 4 A A since weEndrCA ARAP
4 CI as 4 is multiplication by some element Using the hour's x Er a ri I we
see INR A ez

Now letJCR Iria x rie J Hence xcJ.tt insert unobvious manipulations Jane CJ TB

Prep If A is AzumayalR a R is a commutative local Raly then AxorR is AzumayalR IfIA is a free Ralgebra offinite rank Alma Aran is a cs.it ki4m then A is Azumayalr

Root The only nonobvious condition is the isomorphism

A Aor R EndCA R

Is g
want Is

Commutes

Axon Aomori I End RD

The other statement followsfrom Nakayama 1

corollary
1 If AA ane AzumayalR Then ARA is also
2 MUIR is Azuma.in R

DefDefiueBrCR to be Morita equivalence classes of Azumaya algebras over R
That is AxonMulR A Milk for some u.nl
Morila heoryforc.SN
We know CSA's A are isomorphicto Mulis for some n divisionalgebra D

Th Morita A mod D mod



Corollary If A is a CSA1k Man are modules of thesame dim k then MEN as
A weed

PinupLetAbe AzumayalR Then every automorphism of A as an Ralgebra is inner
Prod EC 1.4 Chup4 Ba

lcor.tl Aulr.aegMulR PGLnCR

Proof We know Mulk is Azumaya hence all automorphisms are inner Thus we have
a surjection Gluck AutreyMuir Ut Pm uPuD and its easyto see
the Kennel is R Ba

mp If R is henselian thenthe canonical map Bred Berck A A is injective
infact an isomorphism

Proof 1.6 Chup4 in EC DM

ICurellae If R is strictly Henselian then Bruh o

Conollanxi If R is Henselian A is Azlr then I a finitee'tale R R of localalgebras s t
A rk MnRi

Schemis
Let X be a noetherian scheme An Oxalgebra A is assumed to be locallyfee offiniterank
as an Oxmodule notalwaystrue obviously Assume also Ax is Azumaya over x for
all closed xeX Note this assumption implies Ap is Azumaya for all pex
PropiLet A be an Q algebra which is coherent Then 1FAE
1 A is Aztx
2 A is locally free of finite rank over Ox and A kcx is cs.aeuxs for allxeX
3 A is locallyfree as anOxmodule and A oAoP5EndowedA
4 I a covering Ui X in Etlx st Hi Fri an iso A Oui MriOui
5 same as 4 inthe flat topology

So A is a family of csa's over and is locally a matrixalgebra If X Speck then an
Azumaya algebra over X fg projective Rmodule A with AxordOPTEud.LA

DetWe say A A ane equivalent if there are locallyfree Qmodules offiniterank E E st
A a Tindle A td d Equivalence classes form an associative a commutative monoid

via CAI.LA AA'T and defines a group aAM EndAD theBrauergroup of X Brad
We aim togive a cohomologicaldescription of this Recall Berck Brespeck HYGalaKsk
but this is just H2SpeckGm So we hope Brcx H2etlxIG NoteBra is a contraetfunctor
PrepLet A be Azlx Let be an automorphism ofA as an Oxalgebra Then01 is inner locally
in then Zaagigs.li topology That is there is a Zariski cover Ui s.to1uiAluu0w1ai suaui
we1



a uaui
Proofs A A is inner by SkolemNoether Let xeU Speer open Then u eA AcusrR
can bewritten Eairi rier Replace R by REri53 so I ueASpecRari33 which
lifts ux and is still a unit Now on Vcu we wantto compare ca naut and sincethis
holds at shrink until it holds on the open set again Da

IDI A sheaf PGLn on Xet is defined as PGLulu Autpcu.ae Muthu ul
Hence we get 1 Gim GL PGL Skolem Noetherfan

g m gauge
sheaves

Fact PGL is representable by a group scheme

Assume X is quasiprey our spear

CoeHave a short exact seq of pointed sets lstiolxei.Gmi HYGWsicpud H.com HGlutiLPG tiles can't gofurther

Th There is a naturalHunctonial injection Brix H XetGus
Proofs 2.5 in EC

X regular integral gcompact Then BradcBrCKCxD

PmpThe image of H x PGL tfcx.GS is contained in the ntorsion subgroup As a
corollary Brix is a torsion group

Proof 1 L
I I

L un Gm Es Gm I

sin a In e I f commutes

1 b H PGL Hyun Torsion

Pan Pan
I d
I I

14
There is a normal singular surface 1 s1 HacketGm is not torsion So in general
Brix H XGm

QOIs Brad thx Gusto sur's for gcompact x Stillopen
Is Brix H4xGm surj for regular

Cmjectwe Ar Let be proper specz Then IBreak

Forexample X Speck Then Brad O If X suproj curveleg then Brca o Stillopenfor surfaces



TheTopologicalcaselet
XOx be a ringed space with Ox the sheafof cont E valued functions on X

We can define an Azumaya alg by a locallyfee Qmod offinrank s 1 Vpex the
vectorfiber is a matrix algebra The same construction of the Brauer group goes through

By considering the exponential sequence
IPropyBrixcH3X 2 or

Th se If x is a finite CW complex then o Brad H x 2 tar is an iso

Tatisconject
Take an abeliangroup M l a prime number Define

Me Kerem my
Men KerimEsmi

and MCM Uman the l torsion part of M Consider

M d m Ma o
de

JM Maz o
ti de
m Mas o

Claim Men M zKen KyMan M z yz g

IDITheTate module of M Thou is the inverse limit of Mp Mp Me so

De An dtorsion abeliangroup A Mla is of cofinite rank if Mn is finite Equivalently

M Que rxfin I group

Notethis implies T.cm is a finfree module of ranter and T.cm0 if M is finite

Picardvariet

PicX is a contravariant functor in X is it representableby a scheme Over 6 we have the
exponential sequence fr smoothx O Z Q OF o and in cohomology applyingtheHodge
decomposition H x 2Horsin is a maximal lattice in H'ixES Hence the quotient is atorus called
a complex Abelian variety This group is denoted Pi x

fg
If X is sm.proj.lk I we getthe same sequence 0 piece Pick Nsac o and
Pickx is again an abelian variety and is l divisible if Hchark If k Fg then Pick
is fg
Note the slogan Brad parametrizes nonalgebraic cohomology classes in H4x Indeed theKummer
sequence gives 0 Picchu Hymen HYGulen 20 and taking the inverse limit

O dimPiccxVen dieHyman Tel11464 O
n i u

Pick zRe HYX1dm Te Brad



Some work w IT gives

IConj II Pie x Q 4 H 5 MGM

Thm ia Let X be sin projleg Then Tate's conjecture for X e pBrand
q p is finite


